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Abstract: When an interface exists between a liquid and a solid, the angle between 
the surface of the liquid and the outline of the contact surface is described as the 
contact angle. The size of the contact angle is the metrics of the hydrophobicity of the 
surface. The prediction of the contact angle has significant effect on the design of 
hydrophobic surface and improvement of hydrophobicity. In this paper, a prediction 
model for contact angle has been proposed based on minimum Gibbs free energy. It 
considers the effects of unilateral force and area constraints of the droplets. The effect 
of micro-structural parameters on contact angle has also been investigated. 
Micro-milling experiments have been conducted to fabricate the hydrophobic surface 
in order to validate the predictive capability of the contact angle model. Results 
revealed that the established prediction model could estimate the contact angle of 
hydrophobic surface. The contact angle could be increased by increasing concave 
width or reducing convex. The outcome of this research will lead to new 
methodologies for preparing hydrophobic surfaces with micro-machining technology. 
KEYWORDS : Hydrophobic surface, Contact angle, Energy method, Micro-milling 
 
1. Introduction 
Surface with directional wetting properties is of significant practical importance in 
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many fields [1,2], especially for self-cleaning, reduction of condensate retention and 
drag reduction, etc. The lotus leaves can keep off raindrops and dust due to the 
micro/nano-morphology of their surfaces, and this phenomenon is referred to as “lotus 
effect”[3]. The contact angle, as shown in Fig. 1, is the angle at which the 
liquid-vapor interface meets the solid-liquid interface [4]. A contact angle less than 
90º (low contact angle) usually indicates that wetting of the surface is very favorable, 
and the fluid will spread over a large area of the surface. Contact angles greater than 
90º (high contact angle) generally means that wetting of the surface is unfavorable. 
The fluid will minimize contact with the surface and form a compact liquid droplet. 
Hydrophobic surfaces with contact angle greater than 150º show almost no contact 
between the liquid and the surface [5,6]. 
 
 
Fig. 1. Wetting of different fluids: A has a large contact angle, B has a common 
contact angle and C has a small contact angle 
 
The contact angle was described by Thomas Young for the first time in 1805, 
which is defined by the mechanical equilibrium of the droplet under the action of 
three interfacial tensions (Fig. 1) under ideal solid surface [7]. 
cos SV SL
LV
γ γθ γ
−
=                              
  (1) 
γSV , γSL and γLV represent the solid-vapor, solid-liquid and liquid-vapor interfacial 
tensions respectively, and θ is the contact angle. 
Depending on the way a droplet rests on a rough surface, two wetting states, 
Wenzel and Cassie-Baxter, are generally defined. The Wenzel model assumes that the 
liquid wets the whole rough substrate, while the Cassie-Baxter model assumes that the 
droplet partially wets the rough substrate due to the trapped air in the micro-structured 
surfaces as shown in Fig. 2 [8,9]. 
Page 3 of 21
Ac
ce
pte
d M
an
us
cri
pt
 
Fig. 2. Wenzel and Cassie-Baxter model 
 
The Wenzel model is defined by Eq.2 for the contact angle on a rough surface: 
cos cosW rθ θ= ×                            (2) 
where θW is the apparent contact angle which corresponds to the stable 
equilibrium state; r is the roughness ratio which is defined as the ratio of true area of 
the solid surface to the apparent area. 
The Cassie-Baxter model is defined as shown in Eq. 3. 
 ( )CBcos 1 1 cosfr fθ θ= − + + ×                  (3) 
where rf is the roughness ratio of the wet surface area, and f represents the fraction 
of solid surface area wet by the liquid. 
It can be seen that when f=1 and rf = r, the Cassie-Baxter equations becomes to be 
the Wenzel equation [10,11]. It can also be seen that under the same Yong contact 
angle, the contact angle calculated by Wenzel model is less than θ, while the contact 
angle calculated by Cassie-Baxter is greater than θ. It should be realized that both 
Wenzel and Cassie-Baxter models all consider the surface roughness can help to 
increase the hydrophobicity of the surface. However, there is still a lack of 
investigation on the quantitative dependence relationship of the macroscopically 
effective contact angle on the micro-structured surface parameters of surface 
roughness.  
Johnson and Dettre [12] proposed that for a hydrophobic surface with sinusoidal 
structure, when the surface roughness has a low value of surface roughness, the 
wetting state is Wenzel. When the surface roughness is equal to or higher than a 
critical value, the wetting mode for a deposited liquid droplet would be Cassie on a 
surface. Song et al. [13] investigated the static and dynamic hydrophobicities of water 
droplets on a patterned surface prepared using fluoroalkylsilane with different 
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molecular chain lengths. Their results imply that the sliding acceleration of water 
droplets on hydrophobic surfaces is controllable by changing the pattern structure and 
its chemical composition. At present, most of the research on super hydrophobic 
properties focuses on the preparation technology of superhydrophobic materials, but 
there is still a need for further effect to study the wetting behavior of 
superhydrophobic materials, and fundamental problems such as which parameters are 
more suitable for judging the superhydrophobicity of a material. The comprehensive 
understanding of the dynamic contact angle and internal flow pattern of water droplets 
on micro-structured superhydrophobic surfaces is still insufficient. Therefore, it is still 
an unresolved issue to determine which model should be employed to calculate the 
contact angle of a specified micro-structured surface. 
Current microfabrication technology permits more controlled experiments where 
the roughness of the surface can be quantified in terms of the geometric parameters. 
Established surface micro-structure methods include micro-machining, 
electro-chemical machining, electrical discharge machining, embossing and laser 
ablation. Micro-machining entails removal of material from a substrate using a cutting 
tool and chip removal to leave a desired geometry. The precision of micro-machining 
can reach micrometer-scale, with nanometer-scale surface finish. Song et al. [14] 
fabricated partially grooved hydrophobic surfaces and results showed that the 
apparent contact angle parallel to the grooves is larger than that on smooth surface, 
while the micro-structures have little effect on contact angle in vertical direction. It 
can be seen that the anisotropic effect of the micro-structures would be more 
significant by increasing the fraction of the grooved area. Wan et al. [15] fabricated 
columnar micro-structure arrays on aluminum alloy substrate by using a high speed 
precise micro-milling machine. It is found that the columnar micro-structure arrays 
can effectively improve the hydrophobic properties of aluminum alloy, and the 
contact angle is improved from 51º up to 115º. However, how the micro-structures 
affect the wetting models and what are the spreading behavior on different materials 
surface are not discussed. 
This paper aims to establish a contact angle prediction model based on minimum 
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Gibbs free energy. Then the effects of micro-structured surface parameters on contact 
angle are investigated. Finally, micro-milling experiments are conducted to fabricate 
the hydrophobic surface and to validate the predictive capability of the contact angle 
model. 
 
2. Establishment of contact angle prediction model 
 
2.1 Determination of contact parameters 
 
According to Gibbs free energy [16], a general rule of thumb is that every system 
seeks to achieve a minimum of free energy. In this paper, by building up the 
relationship between the Gibbs free energy of droplets on the surface and the contact 
angle, the contact angle corresponding to the minimum Gibbs free energy is 
considered to be the stable contact angle. Surface tension is a contractive tendency of 
the surface of a liquid that allows it to resist an external force. At constant temperature 
and pressure, surface tension equals to Gibbs free energy per surface area. 
T,P,n
G
A
σ
∂
  
=
  
  ∂                           (4) 
where G is Gibbs free energy and A is the area of droplet.  
Hence, according to the contact area and surface tension of solid-vapor, 
solid-liquid and vapor-liquid, the Gibbs free energy for droplets can be obtained. In 
this research, the droplet is supposed to be two-dimensional pattern. The cross section 
is dome, and the cross-sectional area keeps constant. Hence, the Gibbs free energy 
reflected in two dimensional is contact force as shown in Eq. 5 
SL SL SV SV LV LVF L L Lγ γ γ= × + × + ×              (5) 
where F is contact force, LSL, LSV and LLV represent the solid-liquid, solid-vapor 
and liquid-vapor contact length respectively. 
In this paper, the droplet partially wets the rough substrate which reflected the 
hydrophobic phenomenon is investigated (Cassie-Baxter model). There are still two 
situations for a droplet rest on substrate convex as shown in Fig. 3 either on inside or 
outside, where Fig.3 (a) shows the droplet rest on outside of the convex and Fig.3 (b) 
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shows the droplet rest on inside of the convex.  
 
Fig. 3. Droplet rest on outside and inside of convex 
 
In Fig. 3, c represents the width of convex and e represents the concave width. h is 
the height of the convex. b is length of solid-vapor for single micro-structured surface. 
γ is tilt angle of micro-structured surface.  
Table 1 shows the parameters of droplet rests on micro-structured surface. 
 
Table 1 Droplet parameters resting on micro-structured surface 
 Droplet rest on outside of convex Droplet rest on inside of convex 
Number of 
concave n 
  
2 KL c
c e
−
+
 
 
2 ML c
c e
+
+
 
LLV  
K K
K
L
ne
sin
θ
θ
+   M M
M
L
ne
sin
θ
θ
+  
LSL (n+1)c (n-1)c 
LSV  2
h
n b
sinγ
  
+
  
  
 
 2 hn b
sinγ
  
+
  
  
 
 
2.2 Relationship between contact force and contact angle 
 
Substituting the parameters in Table 1 into Eq. 5, the contact force and the area 
constraint of droplet can be obtained. 
Eq. 6 and Eq. 7 show the contact force and the area constraint for droplet rest on 
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outside of convex. 
( )1 2 K KK SL SV LV
K
LhF n c n b ne
sin sin
θγ γ γ
γ θ
  
  
= × + + × + + × +
  
  
  
  
      (6) 
2
2
2
K
K K K
K
L L cot S
sin
θ θ
θ
− =                      (7) 
 
Divided by γLV on both sides, Eq. 6 can be expressed as shown in Eq. 8, which 
represents the relationship between contact energy and contact angle: 
 ( )1 2SL SVK K K
LV LV LV K
F Lh
n c n b ne
sin sin
γ γ θ
γ γ γ γ θ
  
  
= × + + × + + +
  
  
  
  
       (8) 
For the situation that droplet rests on outside of convex, the number of concave 
covered by droplet n can be expressed as Eq. 9: 
2 KL cn
c e
−
=
+
                              (9) 
Putting Eq. 9 into Eq. 8, Eq. 8 can be expressed as Eq. 10 or Eq. 11: 
2 2 21 2SL SVK K K K K K
LV LV LV K
F L c L c L L ch
c b e
c e c e sin sin c e
γ γ θ
γ γ γ γ θ
  
  − − −
  
= × + + × + + +
  
  
  
  + + +  
  
   
(10) 
or: 
K
LV
2 2
F 2 2 2
γ
SL SV SV SVK
K
K LV LV LV LV
h b
sine c ec ec c hL b
sin c e c e c e c e c e c e sin
γγ γ γ γθ
θ γ γ γ γ γ
  
  
+
  
  
  
  
  
  
= + + + + − − +
  
  
  + + + + + +
  
  
  
  
  (11) 
Eq.7 can also be changed into Eq. 12: 
2 2
K K
K K K
SL sin
cos sin
θ
θ θ θ
=
−
                    (12) 
 
And LK can be expressed as: 
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K K
K K K
SL sin
cos sin
θ
θ θ θ
=
−
                   (13) 
Putting Eq.13 into Eq. 11, it can be changed into Eq. 14: 
2 2
2 2SL SV SV SVK K
K
LV K LV LV K K K LV LV
h b
sinF e c S ec ec c h
sin b
sin c e c e c e cos sin c e c e c e sin
γγ γ γ γθ θ
γ θ γ γ θ θ θ γ γ γ
  
  
+
  
  
  
  
  
= + + + + − − +
  
  + + + − + + +
  
  
  
 (14) 
For cosθ=(γSV-γSL)
 /γLV , Eq. 14 can be simplified as shown in Eq. 15: 
( )
2
12 2K K
KLV K
K
K
cos ecF e ccos S
sin c e c e
cot
sin
θθ θ
θγ θ θ
θ
  −
−
= + +
  + +
  
−
      (15) 
For droplet resting inside of convex, the contact force and the area constraint can be 
represented as Eq. 16 and Eq. 17 respectively: 
 
( )1 2 M MM SL SV LV
M
LhF n c n b ne
sin sin
θγ γ γ
γ θ
  
  
= × − + × + + × +
  
  
  
  
      (16) 
2
2
2
M
M M M
M
L L cot S
sin
θ θ
θ
− =                 (17) 
According to the same procedure, the relationship between contact energy and 
contact angle for droplet resting inside of convex can be expressed as Eq. 18: 
( )
2
12 2M M
MLV M
M
M
cos ecF e ccos S
sin c e c e
cot
sin
θθ θ
θγ θ θ
θ
  +
−
= + +
  + +
  
−
          (18) 
Comparing Eq. 15 and Eq. 18, it can be found that under the same structural 
parameters, the contact energy for droplet resting outside of convex is always less. It 
indicates that the status for droplet resting outside of convex is more stable.
  Stepping technique was adopted to derivate the graph which demonstrates the 
relationship between the contact energy and the contact angle. At first, suppose the 
droplet resting on an ideal substrate surface, inside of the convex and the initial 
contact angle is 180º with the calculated contact energy σ1. Then, extend the droplet to 
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the outside of the convex, by applying geometric analysis to get the contact angle σ2. 
Repeat the process to extend the droplet on both sides to calculate the corresponding 
contact energy σ3. Using this method, σ4, σ5, etc. can be gained successively. Finally, 
the graph for the relationship between contact energy and contact angle can be drawn.   
According to graph, the contact angle corresponding to the minimum contact force is 
the estimate contact angle.  
Fig. 4 shows the relationship between the contact energy and the contact angle 
when c=50µm, e=100µm and S=2×106µm2. 
 
Fig. 4. Fitting energy curve between FM/γLV and contact angle 
 
From Fig. 4, it can be seen that the contact angle corresponding to the minimum 
contact energy is 150º. It indicates that under this surface pattern, the stable contact 
angle is estimated to be 150º.  
 According to Eq. 15 and Eq.18, the impact factor K=(2e-2ccosθ)/(c+e) affects 
the shape and lowest point of Fig. 4, while cosθ(ce±1)/(c+e) can only affect the 
vertical position of Fig. 4. 
The fitting curve for the contact energy and the contact angle under different 
values for K is illustrated in Fig. 5. 
 
150º 
Contact angle (º) 
FM /γLV 
100 120 140 160 180 
2440 
2490 
2540 
2580 
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Fig. 5. Fitting energy curve between FM/γLV and contact angle under different K value  
 
From Fig. 5, it can be seen that with decrease of K, the contact energy becomes 
lower and so does of the stable contact angle. When K=1, the estimate contact angle is 
150º; when K=0.5, the estimate contact angle is 120º; and when K=0.1, the estimate 
contact angle is 90º. It is clear that it needs a larger K to increase the actual contact 
angle. According to the expression of K, increasing concave width or reducing convex 
width can help to increase the value of K which in turn increases the contact angle.  
According to the expression of K, it also can be seen that the materials with larger 
Yong contact angle, have a relative larger K value. That means under the same 
micro-structure, the materials with hydrophobic substrate can have higher growth and 
upside potential of contact angle compared to that of materials with hydrophilic 
substrate.    
3. Experimental verification 
 
3.1 Preparation of experiments 
 
Experimental work has been carried out to verification the estimated contact angle 
during micro-milling process. Workpiece material was selected to be PMMA for its 
characteristics of good transparency, chemical stability and easy to process. In order 
to investigate the effect of material on the performance of hydrophobic, further 
experiments have been conducted and with the workpiece material of Ti6Al4V for its 
characteristics of excellent mechanical properties and wide application in the fields of 
Biomedicine. The workpieces were machined on KERN 2522 micro-milling center as 
Contact angle (°) 
FM /γLV 
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shown in Fig. 6 with solid cemented carbide micro-milling cutter. The experiments 
were carried out under a constant feed per tooth 0.02µm/Z, a radial depth of cut 75µm, 
an axial depth of cut 100µm and spindle rotation speed 10000r/min. 
 
Fig. 6. Micro-milling experiments setup 
 
During the cutting process, both the concave width e a d the height of the convex 
h were fixed to be 100µm. The width of convex varies between experiments to 
investigate the effect of micro-structured surface on surface hydrophobic properties 
which means the tilt angle for micro-structured surface γ is 90º. The convex width 
were selected to be 50µm, 75µm, 100µm, 125µm, 150µm，200µm respectively. 
 
3.2 Test of hydrophobic performance 
 
The images of the obtained micro-structured surface under optical microscope in 
Fig. 7 show that the machined surfaces have regular grating patterns. 
 
    
(a) PMMA workpiece     (b) Ti6Al4V workpiece 
Fig. 7. Obtained micro-structured surface under optical microscope 
c 
b
h 
c 
b
h
Micro-milling 
cutter 
PMMA 
workpiece 
Workpiece 
Ti6Al4V 
workpiece 
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Fig. 7 (a) shows the obtained micro-structured surface for PMMA, and Fig. 7 (b) 
shows the obtained micro-structured surface for Ti6Al4V. 
Fig. 8 shows the optical contact angle measuring instrument. The static and 
dynamic contact angle can be obtained through the instrument. The drop shape can 
also be analyzed according to Pendant Drop method. 
 
Fig. 8. Optical contact angle measuring instrument 
 
The test liquid used is deionized water with density ρ=996kg/m3, surface tension 
σ=0.07275N/m, viscosity µ=0.001kg/ms, and the droplet volume is 2µl. Before the 
cutting experiments, un-machined sample PMMA and Ti6Al4V was test, and the 
average contact angle was test to be 80º and 76 º, as shown in Fig. 9. 
   
(a) Contact angle for PMMA           (b) Contact angle for Ti6Al4V 
Fig. 9. Contact angle for un-machined sample 
 
The micro-grating pattern can make the droplet anisotropy, which means the 
Computer Pipet
Camera Light source 
Substrate 
Platform 
80º 76º 
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droplet resting on micro-structured surface with strip state instead of sphere. Hence, it 
is necessary to measure the contact angle in two directions [17]. Fig. 10 (a) shows the 
observation direction vertical to the grating pattern, and Fig. 10 (b) shows the 
observation direction parallel to the grating pattern.  
         
(a) In vertical direction    (b) In parallel direction 
Fig. 10. Measuring of contact angles from different direction 
 
4. Results and discussion 
 
Fig. 11 shows the obtained contact angles for six different PMMA samples with 
convex width 50µm, 75µm, 100µm, 125µm, 150µm，200µm respectively from parallel 
direction. 
 
a) Contact angle with Convex 50µm  b) Contact angle with Convex 75µm 
 
c) Contact angle with Convex 100µm  d) Contact angle with Convex 125µm 
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e) Contact angle with Convex 150µm   f) Contact angle with Convex 200µm 
Fig. 11. Contact angles with different convex from parallel direction 
 
The contact angle for un-machined PMMA workpiece was tested to be 80º. 
According to Eq. 2 and Eq. 3, the theoretical contact angles for Wenzel and 
Cassie-Baxter model can be calculated as shown in Table 2. Table 2 also shows the 
obtained contact angles for six different PMMA samples with different convex widths 
using different methods.  
Table 2 Contact angle obtained through different methods for PMMA 
Width of 
convex/µm 
Wenzel 
model θW/° 
Cassie-Baxter 
model θCB/° 
Prediction 
model θ/° 
Vertical direction 
θ/° (±SE) 
Parallel direction 
θ/° (±SE) 
50 63 128 150 109±2a 138±4b 
75 68 120 138 105±3a 137±3b 
100 70 115 134 102±4a 136±5b 
125 71 111 130 100±3a 131±6b 
150 72 107 126 98±4a 128±4b 
200 73 103 122 81±3a 119±6b 
SE represent standard error from the mean value of 6 replicates, different letters 
represent significant differences (p≤0.05). 
 
Table 3 shows the contact angle obtained through different methods for Ti6Al4V 
workpiece.  
Table 3 Contact angle obtained through different methods for Ti6Al4V 
Width of 
convex/µm 
Wenzel 
model θW/° 
Cassie-Baxter 
model θCB/° 
Prediction 
model θ/° 
Vertical direction 
θ/° (±SE) 
Parallel direction 
θ/° (±SE) 
Page 15 of 21
Ac
ce
pte
d M
an
us
cri
pt
50 50 126 142 104±5a 135±5b 
75 58 118 131 100±6a 130±4b 
100 61 113 127 97±4a 126±3b 
125 63 108 123 95±3a 119±4b 
150 64 104 120 90±7a 115±4b 
200 66 100 116 77±6a 113±3b 
SE represent standard error from the mean value of 6 replicates, different letters 
represent significant differences (p≤0.05). 
 
From Table 2 and Table 3, it can be seen that the contact angle for Ti6Al4V is 
always smaller than that of PMMA workpiece. That is duo to the surface free energy 
of the workpiece Ti6Al4V used in experiments is larger than workpiece of PMMA 
[18]. The surface free energy can affect the value of Yong contact angle, which in turn 
affect the value of impact factor K. The larger the surface free energy, the smaller of 
Yong contact angle. According to the expression of K, the smaller Yong contact angle, 
corresponds to smaller K value and results in smaller predicted contact angle. The 
experimental results and calculated results are very nice illustrations of this point.       
The contrast curves for obtained contact angles are shown in Fig. 12. 
 
 
 
 
(a) Contrast curve for obtained contact angles for PMMA.  
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(b) Contrast curve for obtained contact angles for Ti6Al4V.  
Fig. 12 Contrast curves for obtained contact angles for different materials with 
different methods. Error bars indicate SE 
 
From Fig. 12, it can be seen that for both PMMA and Ti6Al4V materials, when 
the observation direction is parallel to the convex, the established prediction model 
can forecast the contact angle very well; when the observation direction is vertical to 
the convex, the Cassie-Baxter is better for predicting the contact angle. For both 
models, the value of contact angle decreases with increase of the convex width. The 
difference is mainly coming from two aspects: on the one hand, the chatter of the 
machine tool makes their exit difference between the design sizes and dimensioning 
size which can change the contact angle; on the other hand, for the material’s 
plasticity, the machined surface roughness is large which can increase the chance of 
forming composite contact, and consequently the actually contact angle can be 
different. 
The trend of Fig. 12 agrees with the results form by Li, Fang and Rahman, who 
also used free energy analytical methods [19-21]. The difference is that the energy 
model established in this paper calculates the absolute value of energy, while the other 
three models can only calculate relative values. The absolute value of energy can not 
only be used to calculate the change of energy under same micro-structured surface, 
but also can calculate the change of energy under different micro-structured surface 
which is not provided by other models. 
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According to the above analysis, the established model can predict the contact 
angle accurately. When a solvent other than water were used as tested liquid, 
according to the expression of impact factor K, the bigger the surface tension is, the 
greater of the Yong contact angle, the bigger of the contact angle will be predicted and 
measured which agrees with the results form by Gindl [22].  
 
5. Conclusions 
 
A contact angle prediction model based on Gibbs free energy was established in 
this paper. It considers the effects of unilateral force and area constraints. The 
solid-liquid, solid-vapor and liquid-vapor contact length were calculated through 
geometric analysis respectively. The flowing conclusions can be obtained: 
1. The effects of micro-structured surface parameters on contact angle were 
investigated. Results indicated that the contact angle could be increased by increasing 
concave depth or reducing convex height.  
2. Micro-machining experimental results revealed that the established prediction 
model could estimate the contact angle very well when the observed direction is 
parallel to the convex of the machined micro-structured surface.  
3. The workpiece surface free energy can affect the value of Yong contact angle, 
which in turn affect the value of impact factor. The larger the surface free energy, the 
smaller Yong contact angle, corresponding to smaller predicted and measured contact 
angle.  
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Highlights 
1. The research built prediction model of contact angle based on minimum 
Gibbs free energy, the effects of unilateral force, area constraints of the droplets and 
micro-structural parameters of the interfaces are introduced. 
2. Micro-milling experiments have been conducted to fabricate the hydrophobic 
surface to validate the predictive capability of the contact angle model. 
3. Our findings may have general implications in the optimization of 
hydrophobic structure parameters and will lead to methodologies for cost-effective 
monitoring and control of surface hydrophobic properties. 
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